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ABSTRACT

The Multipoint nonlocal boundary value problem for hyperbolic equations with integral
condition is considered. Applying the operator approach, the stability estimates for the
solution of this problem are obtained. Two applications of abstract results are given.
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1. INTRODUCTION

It is well-known that hyperbolic equations with nonlocal integral
conditions are widely used in plasma physics, thermoelasticity, chemical
heterogeneity and etc. (see Mesloub er al. (1999); Pulkina (2000);
Saadatmandi et al. (2006); Ramezani et al. (2007) and the references
therein). Hyperbolic equations have been studied by many researchers (see
Ashyralyev et al. (2001); Sabolevskii et al. (1983); Agarwal et al. (2004);
Ashyralyev et al. (2009); Kostin (1909); Fattorini (1985); Piskarev et al. (1997)
and Guidetti et al. (2004)).

In Ashyralyev et al. (2004), the nonlocal boundary-value problem

d*u(r)

dr’

w0 =au)+@, u'0)=pu'O)+y

+Au(t)=f() (0=<t<]), )

in a Hilbert space H with the self-adjoint positive definite operator A was
studied. The stability estimates for the solutions of the nonlocal boundary-
value problem (1) were established. In applications, the stability estimates for
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the solutions of the mixed type nonlocal boundary-value problems for
hyperbolic equations were obtained. In the present paper, the multipoint
nonlocal boundary value problem

d*u(t)

dr’

+Au()=f@) (0<t<l),

| 2)
u(0) = [a(pup)dp+o, u )=y,
0

for the differential equation in a Hilbert space H with a self-adjoint positive
definite operator A is considered. We are interested in studying the stability
of solutions of problem (2) under the assumption

1
J'|a(p)|dp <l. 3)
0

2. THE MAIN THEOREM

A function u(t) is called a solution of problem (2) if the following

conditions are satisfied:

(1)  u(?)is twice continuously differentiable on the segment [0,1].

(i) The element u(¢) belongs to D(A) for all te[0,1] and the
function Au(¢) is continuous on the segment [0,1].

(iii) u(z) satisfies the equation, the nonlocal and the local boundary

conditions (2).

Let H be a Hilbert space, A be a positive definite self-adjoint operator with
A2061, where 6>0J,>0. Throughout this paper, {c(t), t=0}is a
strongly continuous cosine operator-function defined by the formula

A | il

() ="—""—
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Then, from the definition of the sine operator-function s(t)

t

stu=[c(p dp
0
it follows that
eirA'/2 A"
s(t)=A"
® 2i

For the theory of cosine operator-function we refer to Fattorini (1985) and
Piskarev et al. (1997). Now, let us give some lemmas that will be needed
below.

Lemma 1. The following estimates hold

e,y 11", <1 @

H—H ~—

Lemma 2. Suppose that assumption (3) holds. Then, the operator

1
1-[a(p)e(pydp
0

has an inverse

| -1
T= [1 -f a(p)e(p)dpj
0
and the following estimate is satisfied

[Ty S ——— 5)
Proof. Applying the triangle inequality and estimate (4), we obtain

1 1 1
1-[apeydp|  21-[la@|lc@), . dp21-[lapldp.
0 0 0

H—->H
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Estimate (5) follows from this estimate. Lemma 2 is proved.

Now, we shall obtain the formula for solution of problem (2). It is clear that
(Fattorini (1985)) the initial value problem

2
%+Au(t)= f@0), 0<r<1, u(0)=uy,u’(0)=u ©6)

DN
has a unique solution

1
u(t) =c(t)uy + s(t)uy + .[s(t —N)fONd N . @)
0

Using (7) and the nonlocal boundary condition

1
u(0) = [a(pu(p)dp+9
0

and the condition u’(0) =y, it can be written as follows

1 1 1 o
u(0) = [a(p)e(p)dpu(®) + [a(p)s(p)dpy + [a(p) [ s(p—>)f CDd ndp+g.
0 0 0 0

Then, from Lemma 2 it follows that

1 1 P
u(0) =T{ [atorsordpy + [a(p)[s(p =20 0dx dp+¢} ®)
0 0 0

Consequently, if the function f(f) is not only continuous, but also

continuously differentiable on [0,1], @€ D(A), we D(A?), then the solution
of problem (2) satisfy formulas (7) and (8).

Theorem 1. Suppose that @e D(A), we D(A?), f(¢) is a continuously
differen-tiable function on [0,1] and assuption (3) holds. Then, there is a
unique solution of problem (2) and the stability inequalities

atrol, | ©

‘ + max
H 0<t<1

max [u(o), <M [, + 4]

0<r<1
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max A'/zu(t)HH SM[HA‘/%/;{

0<r<1

S ol o)

0<t<1

d*u(t
max ( )
0<r<l1 dtz

+ max”Au(t)”H

0<t<1

<ut||agl, +|a"v

1
o, +]
0

f@hm] (11)

are valid where M does not depend on f(¢), t€[0,1], ¢ and .

Proof. By Ashyralyev et al. (2001), we get

max|uco), <[Ja)], +]a "), + max

0<r<1 0<t<1

atraol, | a2

max ()], +47u(o)| (13)

0<r<1

<u[[47u0), +[4¢ O}, +max] o], |

0<t<l1

d*u(t)
max
0<r<l1 dtz

+max||Au(t)|| + max
0<t<1 H  og<l

A'/zu(t)HH (14)

<M || Au(0),, +HA'/ 2u(0)”H +|r o, +j o, dt]
L 0

for the solution of problem (6).

The proof of Theorem 1 is based on estimates (12), (13) and (14) and the
following estimates

Juco)], < | |4

A r @], ol | (1)

+ max
H 0<t<1
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[a72uo)], <M lui], +max] @, +]4"] | (16)
”AummHSAIDAW%If+$§TAWfUmH+wm%“. (17)

First, we prove (15). Using formula (8) and estimate (4), we obtain

APspy,|,  dp|ay

H—H H

1
nmﬂuswh#{ﬂmmn
0

Amxp—xﬂ

H—H

1 p
+[leo)]|
0 0

<M [HA"“I//

HA’1/2f(>\)“Hd wdp+|g, }

+ max
H 0<r<1

A, +lel, |

Second, let us prove (16). From formula (8), estimate (4) it follows that

1
A", <], ., { Jlatol|a”sco)],, aplyl,
0

1 P
+[leo)]|
0 0

APs(p=)| O], d~dp+|

o)

AI/Z(p(

H—H

|

Al/z(p

< M|y, +max| £ @), +

0<t<1

Third, using formula (17), we get
1
Au(0) = T{ [a(o)a”s(p)dpA"y
0

1 o
+f a(p)[f(p) —c(P)FO)= [e(p=2)F(d xj dp+ A(p}.
0 0
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It follows from estimate (4) that

vl

H—H ‘H

1
|auo), <[], ., { Tlatoi]4*sco)
0

1
+Hla@ (7@, +e@,y O,
0

p
N ||c<p—x>||,HH|f'<x>||Hdx)dp+||A¢||H}
0

‘ + max
H 0<t<1

<M [HA'/%// APF@)|, +]Ad, }

Thus, Theorem 1 is proved.

3. APPLICATIONS

First, the mixed problem for hyperbolic equation
u,—(axu,) +ou=f(tx), 0<r<l, O<x<l],
1
u(0,x)= Ia(p)u(p,x)dp +@(x), u,(0,x)=w(x), 0<x<1, (18)
u(t,0)= uo(t,l), u (t,00=u(1), 0<r<1

under assumption (3) is considered. The problem (18) has a unique smooth
solution u(t,x) for (3), the smooth functions a(x)=a>0 (xe(0,1)),

o(x), ¥(x) (xe[0,1]) and f(t,x) (t,x<[0,1]), o positive constant. This
allows us to reduce mixed problem (18) to nonlocal boundary value problem (2)
in Hilbert space H = L,[0,1] with a self-adjoint positive definite operator A"
defined by (18).

Theorem 2. For solutions of the mixed problem (18), we have the following
stability inequalities

max||”x(t")"L2[o,1] SM[ma"”f(t")"Lz[o,u +||¢X||L2[O,1] +||'//"L2[o,1]}’

0<r<1 0<t<l1
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ma i 1)+ i (0290

<M[max||f, @, )”LZ[O,I] +||f(0")||zﬂ[o,1] +||¢XX"L2[O,1] +||'//x||1,2[o,1]}

0<t<1
where M does not depend on @(x), w(x) and f(¢,x).

The proof of Theorem 2 is based on abstract Theorem 3 and the symmetry
properties of the space operator generated by problem (18).

Second, let Q be the unit open cube in the m -dimensional Euclidean space
R™ with boundary S, Q=QuUS. In [0,1]xQ, let us consider the mixed
boundary value problem for the multidimensional hyperbolic equation

a”(’ ad 2( (u, = £,%),

x=(x1,...,xm)eQ, O<t<l,
1 — (19)
u(0,2) = [a(pu(px)dp+p(x), xeQ,
0
1, (0,x)=w(x), 0<x<1, xe Q,
u(t,x)=0, xe§, 0<r<m

under assumption (3). Here, a,(x), (xe Q), ¢(x), ¥(x) (xe 5) and
f(t.x) (te (0,1), xe Q)are given smooth functions and a,(x) =a >0.

Let us introduce the Hilbert space L, (5) of the all square integrable functions
defined on 5, equipped with the norm

1
”f”[,z(g) {j j|f(x)| dx, -+ dx } .

xeQ

Problem (19) has a unique smooth solution u(¢,x) for (3) and the smooth
functions @(x), ¥(x), a,(x) and f(z,x). This enables us to reduce mixed
problem (19) to nonlocal boundary value problem (2) in Hilbert space
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H= LZ(K_Z) with a self-adjoint positive definite operator A* defined by (19).

Theorem 3. For the solutions of mixed problem (19), the following
stability inequalities

max
0<t<1

?.

u, (t, )HL2 @ = {{E%"JC(I )”LZ(Q) Z L@ ”W||L2(Q)i|’

m
max
0<t<1

xx (t )HL2(§) +1;)1’51<7§||M"(t )"LZ(?Z)

q)x,x, l//x,

0<t<1

5(9)}

The proof of Theorem 3 is based on the abstract Theorem 1, the symmetry

<M {maxu [N 1O, 6+ Z

m
L Q) +;‘

hold, where M does not depend on @(x), ¥(x) and f(t,x).

properties of the operator A* defined by formula (19) and the following theorem
on the coercivity inequality for the solution of the elliptic differential problem

in L,(Q).

Theorem 4. (Sobolevskii (1995)). For the solutions of the elliptic
differential problem

A'u(x)=aw(x), xe Q,
u(x)=0, xe S,

the following coercivity inequality holds

i
r=1

1, <Ml
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